INTRODUCTION
In the past few years operator theorists have been studying the problem of solving systems of simultaneous equations of a particular type in the predual of certain dual operator algebras, and the knowledge gained thereby has led to significant advances in those areas of operator theory concerned with invariant subspaces, dilation theory, and reflexivity. (See the bibliography for a partial list of pertinent articles. For a more extensive bibliography, see [8] .) In particular, the theory of the class A,, (to be defined below) has been quite successful, in the sense that several rather general sufficient conditions for membership in the class have been obtained [2, 3, 81, and, moreover, quite a lot of information (concerning, in particular, dilation theory and invariant-subspace lattices) about operators in A,, has been found [6, 5, 81) .
In this paper, which is most naturally regarded as a continuation of the sequence [6, 5,2, 3, 81, we improve some sufftcient conditions for membership in A,, from [2, 81, and in so doing, we obtain as easy corollaries some new sufftcient conditions for a contraction on Hilbert space whose spectrum contains the unit circle to have nontrivial invariant subspaces (see Sect. 4).
The notation and terminology employed herein agree with that in [8] and the sequence of papers listed above. Nevertheless we begin by reviewing a few pertinent definitions and important earlier results. Let ;X be a 360 separable, infinite dimensional, complex Hilbert space, and let Y(X) denote the algebra of all bounded linear operators on X. If TE Y(Z), the spectrum of Twill be denoted by c-r(T), and the essential (Calkin) spectrum of T by a,(T). It is well known (cf. [ 16, p. 401) that 9(X') is the dual space of the Banach space (and ideal) V,(Z) of trace-class operators on 2 equipped with the trace norm /I 11 I. This duality is implemented by the bilinear functional (T, L) = tr(TL), TEE', LEV,(X).
A subalgebra a of T(2) that contains 1, and is closed in the weak* topology on Y(X) is called a dual algebra. It follows from general principles (cf. [13] ) that if r2 is a dual algebra, then 0E can be identified with the dual space of Qa =%?,(%)/'a, where 'a is the preannihilator in g,(X) of 05, under the pairing CT, CL1 > = tr(TL), TE a, CL1 E Qn.
(Here and throughout the paper we write [Lln, or simply [IL] , where no confusion will result, for the coset in Qct containing the operator LE%?~(%).) It is also easy to see (cf. [13] ) that the weak* topology that accrues to GE by virtue of being the dual space of Qn is identical with the relative weak* topology that a inherits as a subspace of Y(X).
If x and y.are vectors in X, then the associated rank-one operator x @ J, defined as usual by (x@y)(u) = (u, y) x, u E 2, belongs to V,(S) and satisfies (2) Thus if a is a given dual subalgebra of Y(X), [x 0 y] E Qcx. As is well known, every operator L in V1(X') can be written as L =C,"=, xj@yi for certain square-summable sequences {x~} and { y,} (with convergence in the norm I( (Ii), and it follows easily that every element of Q, has the form C,"=, [xi@ yj]. A dual algebra GZ c 2'(%') is said to have property (A 1) if for every element [L] of Qa there exist vectors x and y in 2 satisfying [L] If T is an absolutely continuous contraction in Y(X) (i.e., a contraction whose maximal unitary direct summand is either absolutely continuous or acts on the space (0)), we denote by fir the dual algebra generated by T and we write Q r for the predual Q(!, (If [L] E Q7-, we will write [L] 7 for [Ll,t , when there is a possibiity of confusion.) For such T, as is well known (cf. [22, p. 1141 ) the Sz.-NagyyFoias functional calculus QD, is a weak* continuous, norm decreasing, algebra homomorphism of H' onto a weak* dense subalgebra of r( I, and we define the class A = /I(.#) to be the set of all absolutely continuous contractions T for which Qr is an isometry of H"' onto 0.. If TEA(Z), then one knows (cf. [13] ) that Q7 is a weak* homomorphism between H' and 0, and that there exists a linear isometry d 7 of Q 7 = Ql, , onto L'/Hh (the predual of H"') such that 4:=@,.
When TEA, the pair of spaces {fl,, Q,) can be identified with the pair {H *, L'IH:,) via the pair of isometries { Q7., d7 } (for more detail see [8] ). We recall also (cf. [S. Proposition 4.61) that if TEA, then (T(T)IU.
If n is any cardinal number satisfying 1 d n 6 N,, we define the class A,, to consist of all those T in A for which the dual algebra d, has property (A,,). In particular, then, A,,,, which is the central object of study in this paper, consists of all T in A such that & I' has property (AN,)).
We turn now to review briefly some earlier results concerning this class. Recall that C, (resp. C,) is defined to be the class of all (completely nonunitary) contractions T acting on some Hilbert space of dimension at most K,, with the property that the sequence { T') (resp. { T*"} ) converges to 0 in the strong operator topology, and CcHI is defined as C,. n C cl, In [6] a very useful dilation theory was developed for operators T belonging to some class A,,, and in [20] it was shown that the (BCP)-operators (first studied in 1131) belong to the class ANO. Furthermore, in [S] it was proved that if TE A,,,, then T is reflexive (and thus has a huge lattice of invariant subspaces), and (7 I' is closed in the weak operator topology (cf. 183 for definitions). A better result about reflexivity was obtained later in [IS] . In [S] it was shown that n;;:, A,, = AX", and in [2] the important formula A, n Coo = ANo n C,,, was established. Also in [2] some additional sufficient conditions for membership in AKc, were found, two of which we enumerate here because of their pertinence to what follows. The main idea of this paper is as follows: It is well known that the invariant subspace problem for operators Ton Hilbert space reduces to the case that TE CO.. Furthermore, if Q(T) 3 T, then by a theorem of Apostol [ 11, one may further assume that TE A. Therefore we establish some sufficient conditions for contractions T belonging to C, n A and satisfying o(T) 1 U to belong to AX,,, similar to Theorems 1.1 and 1.2, and as easy corollaries we obtain some new invariant-subspace theorems for contractions T satisfying a(T) 3 U.
The main results of this paper were announced in [ 151.
PRELIMINARIES
In this section we first recall some pertinent definitions and terminology that will be useful in establishing our new sufficient conditions for membership in A,,. Next, for the reader's convenience, we state the main results from [S] that we shall need. Finally, we prove four original propositions, containing some new ideas, and thereby facilitate the proofs of our main results in Section 3.
We will suppose that the reader is familiar with the Fredholm theory for operators in L?(s), In particular, we denote the set of we shall write E(T) (resp. cF+( T)) for the (possibly empty) union of all holes in a,(T) such that i(H) ,< 0 (resp. i(H) 3 0) and H c c$ T). Thus E(T) n P+(T) consists of the union of all holes in H in a,(T) such that i(H) = 0 and H c a(T).
Concerning this circle of ideas we shall need the following lemma, which is no doubt known, and could be proved, for instance, as in the second paragraph of the proof of [S, Theorem 6.81. We give a different short proof. LEMMA 2.2. Suppose TE 9(X") and H is a hole in a,(T) such that i(H) = 0 and H c a(T). Then, for every 1 E H, the sequence of subspaces {KNT-A)"},"=, ( as well, of course, as the sequence { Ker( T-%)*'}) is strictly increasing. Proof Suppose there exists &E H such that {Ker( T-i&)"} is not strictly increasing. By translation we may assume that A,, = 0, and thus that Ker T" = Ker T"+ ' for some n E f+J. To obtain a contradiction we will show that 0 is an isolated point of a(T). It is easy to see that Ker T" = Ker T"+ k for all k E N and that Ker T" n Ran T" = (0) so T" is one-to-one on the invariant subspace Ran T". Since dim(Ker T") = dim(Ker T"*) = dim( { Ran T"}I) is finite, it follows that X is the topological direct sum X = Ker T" i Ran 7"' of the invariant subspaces Ker T" and Ran T" of T". Since Ran T" = T"Z = T"(Ker T" i Ran rl) = T"(Ran 7"') it follows from the open mapping theorem that T" 1 (Ran T") is an invertible operator on Ran T". Thus for IA. > 0 and sufficiently small,
is obviously an invertible operator (being a direct sum of invertible operators), and it follows immediately from the spectral mapping theorem that 0 is an isolated point of a(T), the contradiction we were seeking.
Suppose next that TE 9(X), A' is an invariant subspace for T (notation: where P,, 0 .+. is the (orthogonal) projection of X onto A 0 .A'", is easily seen to satisfy (T") .M .c-= (T, o .+-)" for every n E /V. Furthermore, if n E f+4, we denote by A? p ') the Hilbert space consisting of the direct sum of n copies of X and by T'"' the n-fold ampliation of T acting on XC"' defined by
Moreover, if ol c Y(X) is a dual algebra, we denote by a@) the ampliated dual algebra acting on x(n) defined by aCnJ = {T("): TE GE}. That acn' is indeed a dual algebra on XC') follows from [S, Proposition 2.51. For each Tin 9(X) it is clear that (a,)@) = 0lti.1. Suppose now that TE A(%'), so the Sz.-Nagy-Foias functional calculus 
as is proved by the one-line calculation
Concerning this circle of ideas we will need the following lemmas. Prooj The polynomials in ( T -A) are clearly weak * dense in a T. Since every element of Qr corresponds to a unique weak* continuous linear functional on a T, and the functionals corresponding to [L] and [CJ agree on a weak* dense subset of LET, we have [L] = CC,]. To prove the second statement, observe that for all Jo N, (A -E.)*'e belongs to Ker(A -;O*k and hence is orthogonal to e. Thus from (1) and (2) we obtain Proof Only the last statement is not contained in [8, Proposition 2.51, and it follows easily from Lemma 2.3..
We turn now to record some known sufficient conditions for membership in A,, from [2, 6, and S] that will be needed later.
PROPOSITION 2.5. Let T he an absolutely continuous contraction in Y(X), and suppose there exists an n E N and an infinite dimensional semiinvariant s&space .X ,for T'"' such that (T'"') x E A.,,(X).
Then TE A,,,.
Proof That T'"' E A,,jX("') follows from [6, Proposition 4. This proposition will be our fundamental tool used to prove that certain contractions belong to A,,,. Lemma 2.3 already gives a hint as to how (a) might be satisfied, and the next proposition shows one way that (b) can be satisfied. that is weak* convergent-say to f: Thus, upon setting uk = x,,,~, we have
Since the sequence { ,I;; -f } IS weak* convergent to zero, it follows from the above remark that the sequence ( ij( fk -f )( T,,) W/I ) tends to zero, and since { uk} converges weakly to zero, the right-hand side of (5) The last two propositions of this section move us a step closer to being able to employ Proposition 2.6. PROPOSITION 2.9. Suppose TE A(%), A is a compression of T to an infinite dimensional semi-invariant subspace, and 2 is a nonempty subset of . 
and ((T4j)%, bj(T)*u)=O, kE N,jEJ.
We now define 2q= v (T-%l)kU
and note that ??r' E Lat(T). Furthermore, it is immediate from (7) and (8) 
MEMBERSHIP IN A,,
In this section we establish some new sufficient conditions for membership in A,,. Our results differ from most of those in [2; 81 in that the setting for our results is the class Co. as opposed to the class C,,. Our first theorem contains a new idea-that of being able to "work piecewise." 
Then TE A,,.
Proof: Suppose first that m = 1. Then o,(T) n D is dominating for T, so by definition T is a (BCP)-operator (cf. [20] ), and that TEA,, follows from [20] or [7] . If m > 1, we note that A i may be void and we consider the ampliation 7'("') acting on X'(m). It is easy to see that x=Y?@&~o ... @Am is a semi-invariant subspace for T(") whose compression ( T("'))x is (unitarily equivalent to ) T= T@ T,,:@ ... @T,,", Thus, according to Proposition 2.5, to show that TE AK0 it suffices to show that F'E AR,. Moreover, since F has T as a direct summand, PEA, and thus it will be enough to show that, for every ,?. E /1, there exists a sequence of vectors {xR}T=, in the unit ball of .X satisfying (a) and (b) of Proposition 2.6 with respect to T (for every G in .X). If 3. E A, then A E a,(T), and thus by [20, We are now ready to give more concrete criteria for membership in A,,,. The first is of a purely spectral nature. 
") .for T such that ((T,(T)~ID)uS?(T,,)
is dominatingfor ?r. Then TEA,,.
ProojI
We first show that TE A, i.e., that (\h( T)I\ = \lh\\ ~ for every h in H". Since TE C,,., T is a completely nonunitary contraction, and thus @I (13) is satisfied for all 1 in il,. Therefore TE A as asserted. Now let J& be the semi-invariant subspace for T obtained via Proposition 2.9 with A = T., and 2 = /i,. Since T belongs to C,., clearly the compression TA2 E C,, and that T belongs to A,, now follows immediately from Proposition 2.9 and Theorem 3.1. is contained in the derived set of g(T). However, the familiar example of the unilateral backward shift of multiplicity one, which belongs to C,. n A, but not to A, ([6, Theorem 3.73) shows that there are real obstructions to be dealt with in trying to replace the hypothesis "TE C, " in Theorem 1.1 by "TE C, . " The presence of "good hidden compressions" of an operator that would permit the application of Theorem 3.2 is not unusual, as is illustrated by the following example. Of course, by Proposition 2.5, it suffices to show that Tern) E A,,, and to accomplish this, via Theorem 3.1, we note several relations: T("' E C,. n A, a( T'"') = a(T) (so the holes H,, Jo J, are also holes in (T( T'"")), F-( T'"') = F-(T), and o<,( T'"') = a,(T). Thus being equal to the set in (14), remains dominating for U. To complete the proof, using Theorem 3.1, it suffices to exhibit semi-invariant subspaces A& and J&Z', (in case A, # a) having the appropriate properties. By Lemma 2.4, CjeJ CL,[C,] firnl = [Z 0 j] tirn), so by Proposition 2.10 there exists a semiinvariant subspace AZ for T'"' satisfying (F"'),A2~ C., and (b) of Proposition 2.10. Since T("')E C,., ( T(m)).eZ~ Coo, so A&'~ satisfies the appropriate conditions of Theorem 3.1. If A, = Fe (T'"') is void, then A I u A2 is dominating for T, and the result follows from Theorem 3.1. If A3 Z 0, then there exists a semi-invariant subspace A%'~ for T(") satisfying the appropriate conditions of Theorem 3.1 by Proposition 2.9, with A = T'") and $ = A3, so the proof is complete.
Our next result, which is an easy corollary of Theorem 3.6, shows that the hypothesis "TE Coo" in Theorem 1.2 can be replaced by "TE Co. ," again modulo the addition of a condition of a spectral nature. For T in A we denote by 9: (T) the (perhaps empty) union of all holes in H in a,(T) such that i(H) > 0. One knows that the isolated Fredholm spectrum u;xT) of T consists at most of a countable set of isolated points 1 of a(T) each of which has a punctured neighborhood contained in some hole H in a(T) (so H c pb( T)). It thus follows from trivial geometric considerations and (15) that since D \ LP~ ( T) is dominating for %, then so is (a,(T)nD)u~-(T)up,(T). (16) Next observe that if U c pb( T) is the union of all holes H in C$ T) such that 8H n T = 0, then since the set in (16) is dominating for lJ, so is the set
Since ph( T) is the union of at most countable many holes H in a(T), and all such holes H c pb( T)\ U satisfy dH n U # 0, it is easy to write pdT)\U= t.) H,
1EJ where (in case J # 0) each H, is a hole in G(T) and to choose a collection {ibj>,eJ of points satisfying Aj E H,, j+z J, and cjEJ (1 -IAil ) < co. Putting together (17) and (18), we have now established (*), so the theorem is proved.
Remark 3.8. Of course there is a dual version of Theorem 3.7 obtained by replacing "TE C,." by "TE C.," and the set .F;( T) by its counterpart 9-L (T).
COROLLARY 3.9. Suppose TE C, nA(X) (resp. TE C,n A(X)], the weak* and (relative) weak operator topologies coincide on rXT, and every hole H in o,(T) with i(H) > 0 (resp. i(H) < 0) satisfies dist(aH, U) > 0. Then TEA,,.
It is well known (cf. [8, Theorem 6.3 and Proposition 2.091) that if TE ANo then @I, is closed in the weak operator topology and the weak* and weak operator topologies coincide on a,.. Thus it is natural to try to replace, in Theorem 3.7, the hypothesis that these two topologies coincide by the hypothesis that c% T= WT, where YK> is defined (for any TE - and consequently h( <)( 4 -E,,) _= 1, an obvious absurdity.
We can now establish some sufficient conditions for membership in A,, for operators T in A that generate a dual algebra which is closed in the weak operator topology. The following theorem should be compared with [S, Theorem 6.101. Proof Easy geometric considerations show that (b) is a particular case of (a), so it suffices to establish the theorem when T satisfies (a). In this situation, choose 1, E H,, i= l,..., k, and set [L] = cf=, cl, [C,,] , where the C(~ are any nonzero complex numbers. By Lemma 3.11, each CC,,] induces a linear functional on a7 that is continuous in the weak operator topology, and thus the same is true of [L] . The result is now an immediate consequence of Theorem 3.6.
Of course, Theorem 3.12 has a dual version. Slight variations on this theme are the following. Proof It is well known (cf. [ 19, Chap. 41 ) that if T is quasitriangular and H' is a hole in rr,( T), then i(H') > 0, so the corollary follows from the dual version of Theorem 3.12(b). COROLLARY 3.14. Suppose TE (C, u C.,) n A, a(T) = U, and GET= WT.
Then TE Ax0.
This corollary is an improvement of [8, Corollary 6.111.
INVARIANT SUESPACES
In this section we derive the promised corollaries concerning the invariant subspace problem for contractions on Hilbert space. THEOREM 4.1. Suppose that T is a contraction in 2'(Z) such that a(T) 1 T and the weak* and (relative) weak operator topologies coincide on 6Ez,. Then T has a nontrivial invariant subspace.
Proof: There are a number of well-known reductions that one can make without loss of generality when looking for invariant subspaces. In the first place, one may suppose that a(T) = c,(T) (for, otherwise, either T or T* has an eigenvalue). Second, since T is a contraction, the sets The following corollary of Theorem 4.1 answers a question that we were unable to answer for several years. Thus the weak* and (relative) weak operator topologies coincide on aT.
Once again we may sometimes replace the coincidence of the topologies on fl, by the equality of the algebras aT and %$. THEOREM 4.3. Suppose that T is a contraction in 9(X') such that a(T) 13 U, 6Z T = %'& and there are only a finite number of holes H in c(T) such that the Lebesgue measure of 8H n U is positive. Then T has a nontrivial invariant subspace.
Proof: As in the proof of Theorem 4.1, we may suppose that TE Co. n A and that a,(T) = a(T). That TE A,, now follows immediately from Theorem 3.12(b).
Remark 4.4. It was recently shown by Westwood [23] that there do exist operators T in 5!'(X) such that a,= Y#$ but the weak* and weak operator topologies do not coincide on 6X:,. Moreover, very recently it was shown by W. Wogen that there exist operators T in 2?(X) such that a,# ^w,, and it was shown by the first author and J. Esterle that if GX is any dual algebra such that the weak* and weak operator topologies coincide on a, then a is closed in the weak operator topology. The authors conjecture that every operator T in A n Co has the property that the weak* and weak operator topologies coincide on a,. A positive answer to this conjecture would imply, of course, together with Theorem 4.1, that every contraction T in P'(X) satisfying a(T) 3 T has a nontrivial invariant subspace.
Remark 4.5. The following consequence of Theorem 3.6 and Lemma 3.10 seems worth pointing out: If T is a contraction in 2'(S), (T(T) = lJ, and Tpl # Y#$, then T has a nontrivial invariant subspace.
